We define and solve the toric version of the symplectic ball packing problem, in the sense of listing all 2n-dimensional symplectic-toric manifolds which admit a perfect packing by balls embedded in a symplectic and torus equivariant fashion.
The Main Theorem
Loosely speaking, the "symplectic packing problem" asks how much of the volume of a symplectic manifold (M, σ) may be filled up with disjoint embedded open symplectic balls. A lot of progress on this and intimately related questions has been made by a number of authors, among them Biran [2] , [3] , [6] , McDuff-Polterovich [19] , Traynor [23] and Xu [24] .
Several authors have made progress on directly related questions, like the topology of the space of symplectic ball embeddings, among them McDuff [18] , Biran [4] and most recently LalondePinsonnault [17] (the equivariant version of this question was studied in [22] ).
Despite the fact that these significant contributions have appeared in recent years, the symplectic packing problem remains largely not understood; for more details and a survey of known results see the paper by Biran [5] and for some nice examples see [21] . Outstanding progress has been made in dimension four (see for example [2] , [19] , [23] ), but nothing is understood in dimension six or above. The underlying reason for this dimensional barrier is that the techniques used by the previous authors are unique to dimension four and do not extend to higher dimensions. For more details see Section 1 of [22] or Section 3 of Biran's paper [6] .
The present paper is devoted to the study of a particular case of the symplectic packing problem, the torus equivariant case. In this case both the symplectic manifold M and the standard open symplectic ball (B r , σ 0 ) in C n are equipped with a Hamiltonian action of an n-dimensional torus T n , and the symplectic embeddings of this ball into M that we consider are equivariant with respect to these actions.
Our main result is Theorem 1.7, which provides the list of symplectic-toric manifolds which admit a full packing by balls embedded in such a way, i.e. we prove existence and a uniqueness of such manifolds. Our proofs rely on the discovery by Delzant [8] that symplectic-toric manifolds are classified by their convex images under the momentum map. This allows us to solve an a priori symplectic-geometric problem using techniques from Convex Geometry and Delzant theory (for a treatment of this theory see for example the book by Guillemin [14] ).
Definition 1.1 ([7]
). A compact connected symplectic manifold M = (M, σ) is a symplectictoric manifold, or a Delzant manifold, if it is equipped with an effective and Hamiltonian action of a torus of dimension half of the dimension of the manifold. ⊘
Delzant manifolds come equipped with a momentum map µ M : M → R n which satisfies i ξ M σ = d µ M , ξ for all ξ in the Lie algebra of the torus (see [14] ), and where ξ M is the vector field on M induced by ξ (the existence of µ may be taken as definition of Hamiltonian action). µ M carries M to a convex polytope in R n (here we identify R n with the dual of the Lie algebra of the torus; see Section 2 for details on how we make this non-canonical identification), and this polytope, which is called the momentum polytope of M, determines M up to equivariant symplectomorphism (see Theorem 2.4). 
|z i | 2 and whose momentum polytope equals the convex hull in R n of 0 and the scaled canonical vectors λe 1 , . . . , λe n , see Figure 2 .
⊘
The open symplectic ball (B r , σ 0 ) in C n with the T n action by rotations (component by component) has momentum map components µ Br k (z) = |z k | 2 and momentum polytope equal to the convex hull in R n of 0 and the scaled canonical basis vectors r 2 e 1 , . . . , r 2 e n . The momentum polytope of (CP n , λ · σ FS ) equals the momentum polytope of B √ λ minus the face of the momentum polytope of the former which faces the origin, which does not belong to the momentum polytope ∆ Br of B r . ∆ Br is an integral simplex in the sense of Definition 2.5.
Figure 2: A manifold equivariantly symplectomorphic to (CP 1 × CP 1 , σ FS ⊕ σ FS ) packed by two equivariant symplectic balls of radius 1 in two different ways (see Lemma 2.12 for an explanation). Definition 1.5 An embedding f of the 2n-ball B r into a 2n-dimensional Delzant manifold M is equivariant if there exists an automorphism Λ of T n such that the diagram
commutes, where ψ is a fixed effective and Hamiltonian T n -action on M and · denotes the standard action by rotations on B r (component by component). In this case we say that f is a Λ-equivariant embedding.
⊘ Next we give a precise notion of "perfect equivariant symplectic ball packing". In the following definition we use the term "family of maps" to mean a "collection of maps" in a set-theoretical fashion, i.e. we do not assume that this collection of maps has any additional structure. Definition 1. 6 We define the real-valued mapping Ω on the space of 2n-dimensional Delzant manifolds by Ω(M) :
where F is the set of families E of equivariant symplectic ball embeddings such that if f, g ∈ E then f (B r f ) ∩ g(B rg ) = ∅, and r f ≥ 0 for all f ∈ E. We say that M admits a perfect equivariant and symplectic ball packing if there exists a family E 0 ∈ F such that Ω(M) = 1 at E 0 . ⊘ A version of Definition 1.6 in the "general" symplectic case, as well as the general symplectic packing problem, were introduced by McDuff and Polterovich in [19] . They denote Ω(M) by v(M, k) where k is the (a priori fixed) number of balls that we are embedding in M. McDuff and Polterovich consider that all balls have the same (a priori fixed) radius r > 0. This is in contrast to Definition 1.6 above, where neither the number of balls nor the radius are fixed. 
ball of radius 0 ≤ R ≤ √ 2 and a ball of radius √ 2 − R 2 , see Remark 1.9. In the figure r = 0 and
with n ≥ 1 and λ > 0 are the only Delzant manifolds manifolds which admit a perfect equivariant and symplectic ball packing.
The proof of Theorem 1.7 in any dimension follows from the abstract combinatorial structure of Delzant polytopes, the abstract notion of convexity, and its properties. In addition, a number of figures are presented along with the proof to suggest some intuition of the solution.
In Section 3 we analyze in how many different ways the spaces which appear in Theorem 1.7 may be packed -this is summarized in Proposition 1.8 below; the existence statement in Proposition 1.8 is a simple construction, c.f. Remark 2.1, Figure 2 , Figure 3 , and it is independent from the proof of the uniqueness statement in Theorem 1.7, this last one being the part which occupies most of Section 3.
The existence part of the statement of Theorem 1.7 follows from Proposition 1. · dθ ∧ dh) is 2 π, while the length of the associated momentum polytope is 2. ⊘ The paper is divided into five sections: in Section 2 we describe a problem in geometriccombinatorics equivalent to the toric symplectic ball packing problem; in Section 3 we solve it; in Section 4 we relate our results to the theory of blowing up; we end by raising some further questions in Section 5.
From Symplectic Geometry to Combinatorics
Let M be a Delzant manifold of dimension 2n, and denote by B r the 2n-dimensional ball in C n equipped with the restriction of the standard symplectic form σ 0 , and with the standard action by rotations of the n-torus T n (see Definition 1.1; for the main properties of Delzant manifolds see Section 1 of [22] , or for more details [7] , [8] , [14] ).
Recall that the main feature that makes the study of symplectic manifolds equipped with torus actions richer than the study of generic symplectic manifolds is the existence of the momentum map µ M : M → Lie(T n ) * whose image ∆ M is a convex polytope, called the momentum polytope of M, as shown independently by Atiyah and Guillemin-Sternberg [1] , [12] . The momentum map is unique up to addition of a constant in (Lie(T n )) * , and it is in this sense that we say "the" momentum map instead of "a" momentum map. Here we are identifying the Lie algebra Lie(T n ) and its dual Lie(T n ) * with R n . We denote by χ(M) the Euler characteristic of M. Since this identification is not canonical we need to specify the convention we adopt in this paper. This amounts to choosing an epimorphism R → T 1 which we take to be x → e 2 √ −1x . This epimorphism induces an isomorphism between Lie(T 1 ) and R via
by canonically identifying Lie(T n ) with the product of n copies of Lie(T 1 ) (see Section 32 in [13] for more details).
Remark 2.1
In Section 2 of [22] we proved that if f : B r → M is a Λ-equivariant and symplectic embedding with f (0) = p and µ M (p) = x, then the following diagram is commutative:
It follows from diagram (2.1) that if M is a 2n-dimensional Delzant manifold and f is a symplectic Λ-equivariant embedding from B r into M with f (0) = p and µ M (p) = x, then the momentum image µ M (f (B r )) equals the subset of R n given by the convex hull of the points x and x + r 2 α
. . , n, where the α p i are the characters of the isotropy representation of T n on the tangent space at p to M. ⊘
In the case when M is a Delzant manifold, the momentum polytope ∆ M of M is the so called Delzant polyope of M, and it satisfies specific properties as we see from Definition 2.2 below, which is a purely combinatorial definition -in this respect Delzant polytopes may be defined without reference to Delzant manifolds. 
Definition 2.2 [[14]
, [7] ] A Delzant polytope ∆ of dimension n in R n is a simple, rational and smooth polytope. Here simple means that there are exactly n edges meeting at each vertex of ∆; rational means that the edges of ∆ meeting at the vertex x are rational in the sense that each edge is of the form x+ t u i , t ≥ 0, u i ∈ Z n ; smooth means that u 1 , . . . , u n may be chosen to be a Z-basis of the integer lattice Z n . ⊘ Remark 2.3 A similar class of polytopes, Newton polytopes, have long been considered in algebraic geometry [11] ; the (only) difference between Newton and Delzant polyopes is that the former are required to have all of their vertices lying in the integer lattice Z n . We learned from Yael Karshon that "Delzant polytopes" have also been refered to as "nonsingular", "torsion-free" or "unimodular" by other authors. ⊘ Theorem 2.4 (Delzant, [8] is coherent if for every Σ ∈ E ∆ the following three properties are satisfied:
The family E The following is Theorem 2.10 in Guillemin's book [14] , adapted to fit the conventions for µ M : M → R n , introduced on the third paragraph of the section. Additionally, unlike in [14] we use vol σ (S) = S σ n , i.e. we do not normalize the integral by dividing by n!. Although Theorem 2.10 is stated only for Delzant manifolds, the result extends to B r ⊂ C n . 
Proof. Write ν for the right hand-side of (2.2). It follows from Theorem 2.9 that a pairwise disjoint family of equivariant symplectic ball embeddings E 0 = {f i } gives rise to a pairwise disjoint family
and the family E 0 is coherent. Without loss of generality we assume that the supremum in the formula given in Definition 1.6 is achieved at the family E 0 . Since µ M (f i (B r i )) = Σ i and f i is symplectic and equivariant, by Corollary 2.11
, which by plugging these values into the formula of Ω in Definition 1.6 evaluated at the family E 0 , implies that Ω(M) ≤ ν. One shows that Ω(M) ≥ ν, by starting with a coherent family of pairwise disjoint simplices and repeating this same argument. Now suppose that M admits a perfect equivariant and symplectic ball packing. Then by Definition 1.6, vol σ (M) = i vol σ (f i (B r i )) at certain family of embedded balls, and in this case the equality ∆ M = i µ M (f i (B r i )) holds, and by Remark 2.1 each momentum image µ M (f i (B r i )) is an integral simplex; finally since the images f (B r i ) are pairwise disjoint, by Theorem 2.9 these simplices are pairwise disjoint. The converse is proved similarly.
We will use Lemma 2.12 in Step 1 of the proof of Theorem 1.7.
Proof of Theorem 1.7 and Proposition 1.8
For clarity the proof is divided into six steps:
Step 1. In this step we analyze the type of simplices which both form a coherent family as well as give rise to a perfect equivariant and symplectic packing. each Σ ∈ E ∆ there exists a vertex x ∈ ∆ M such that there are exactly n faces of Σ c of dimension n − 1 which contain x, and each of them is contained in the boundary ∂(∆ M ) of ∆ M , which leaves only the (n − 1)-dimensional face of Σ c which does not contain x, say the face F Σ , as possibly not contained in the boundary ∂(∆ M ) of ∆ M . Call U 0 to the subfamily of E ∆ consisting of those simplices such that one of their (n − 1)-dimensional faces is not contained in ∂(∆ M ), and U 1 to the subfamily of E ∆ such that all simplices of this subfamily have all of their (n − 1)-dimensional faces contained in the boundary ∂(∆ M ). Denoting by Θ i = Σ∈U i Σ c , i = 0, 1, the observation made in the previous paragraph implies that Θ 0 ∪ Θ 1 = ∆ M and Θ 0 ∩ Θ 1 = ∅. Now we distinguish two cases, according to whether Θ 1 = ∅ or Θ 1 = ∅. Let us first assume that Θ 1 = ∅; then there exists an open simplex Σ contained in ∆ M such that all of the (n − 1)--dimensional faces of Σ c are contained in ∂(∆ M ), and therefore ∂(Σ c ) ⊂ ∂(∆ M ). This being the case, it follows from the convexity of ∆ M that Σ c = ∆ M . Since Σ c = ∆ M , and by construction Σ ∈ E ∆ , where E ∆ is a coherent family by Theorem 2.4, we conclude that ∆ M is the Delzant polytope of a Delzant manifold M equivariantly symplectomorphic to the n-dimensional complex projective space (CP n , λ · σ FS ) for some λ > 0 (depending on the volume of M). If otherwise Θ 1 = ∅, then Θ 0 = ∆ M and there are two cases: when |U| = 1 and when |U| > 1. Suppose first that |U| = 1. Then if Σ is the only open simplex in the family U 0 = U the simplex Σ c has a face which is not contained in ∂(∆ M ), and therefore using the same argument as earlier in the proof we obtain that ∆ M = Θ 0 ∪ Θ 1 , which contradicts the fact that E ∆ = U 0 ∪ U 1 is a coherent family. So |U| = 1 may not happen. Therefore we can pick two different simplices Σ i ∈ U 0 , i = 0, 1. The statement of the lemma follows.
From this point on, throughout this proof, we assume that the family E ∆ contains at least two simplices, since the case where E ∆ consists of precisely one simplex is solved in Lemma 3.1. In what follows let F Σ i , i = 0, 1, be the only (n − 1)-dimensional face of (Σ i ) c which is not contained in ∂(∆ M ).
Step 2. We give a formula for F Σ 0 as a disjoint union of two subpolytopes of ∆ M , one of which intersects F Σ 0 at dimension n − 1 while the other intersects it at dimension < n − 1.
Lemma 3.2. For each
Proof. First notice that there exists a unique hyperplane H Σ i in R n which contains F Σ i , i = 0, 1. For each positive integer n let
where ·, · denotes the standard scalar product in R n , and for each x ∈ R n , δ > 0 we write B δ (x) for the standard open ball in R n centered at x and of radius δ with respect to ·, · . We claim that U n = ∅ for all n. Indeed, write H Σ 0 = {x : x, v = λ} for some vector v in R n and some constant λ ∈ R, and suppose that 
, which then implies the existence of z i ∈ Int(H ± Σ 0 ). Since ∆ M and B 1/n (x) are convex, their intersection
is convex and so we may pick ǫ > 0 small enough such that
Since v, z 0 > λ and v, z 1 < λ, a computation then gives v, y 0 > λ and v, y 1 < λ, so precisely one of y 0 , y 1 lies in (Σ 0 ) c while the other lies in U n , so U n = ∅ as we wanted to show. For each integer n, pick y n ∈ U n , and observe that by construction the sequence {y n } ∞ n=1 converges to x. Since E ∆ is finite, there exists a convergent subsequence
, and a simplex 
may be expressed as the following union of two subsets of ∆
M :
and the union is a disjoint one.
Proof. The union given in expression (3.1) is clearly disjoint and we only need to show that
since the reverse inclusion is trivially true. Notice that showing that expression (3.2) holds is equivalent to showing that
expression which is precisely equivalent to the statement of Lemma 3.2, which concludes the proof.
Step 3. We prove that formula (3.1) implies (by coherence of E ∆ ) that for all Σ ∈ E ∆ , the only faces of Σ 0 and of Σ which are not contained in ∆ M are identical, i.e. we have the following.
Lemma 3.4.
Proof. Since E ∆ is a coherent family of pairwise disjoint open simplices, every (n−1)-dimensional face of every closed simplex Σ c ∈ E ∆ c , but the face F Σ , is contained in ∂(∆ M ), and Int
, which by expression (3.1) then implies that:
Let us assume by contradiction that (F ∆ ) ′ = ∅ and notice that the left-most member of the right hand side of expression (3.3) is a union of convex polytopes of dimension strictly less that n − 1; furthermore since F ∆ is a subfamily of the coherent family E ∆ , by Remark 2.8 F ∆ is finite, and therefore we conclude that F Σ 0 is a finite union of convex polytopes, the dimension of each of which is, by construction of F ∆ , strictly less than n − 1, which is a contradiction since by definition of Σ 0 we have that dim( F Σ 0 ) = n − 1; here we are using the following generic property of polytopes in R n :
Therefore (F ∆ ) ′ = ∅ and hence there exists Σ 1 ∈ E ∆ such that both
Without loss of generality we may assume that
and therefore must have H Σ 0 = H Σ 1 -here we are using:
Step 4. Recall that from Step 3 onwards we have been assuming that the the coherent family E ∆ contains at least two simplices Σ 0 , Σ 1 . Next we show that the fact that ∆ M is a Delzant polytope implies that ∆ M equals the union of Σ 0 , Σ 1 , and hence there are no other simplices in the coherent family E ∆ . Proof. Let us assume that there exists Σ ′ = Σ 0 , Σ 1 with Σ ′ ∈ E ∆ . By assumption E ∆ is a family of pairwise disjoint open simplices, so by Lemma 3.4 we have that
and therefore taking the closure of both sides of this expression we obtain
We glue along horizontal faces to get = Figure 6 : A 3-dimensional polytope obtained by gluing two 3-dimensional simplices S and S' along a face does not satisfy the Delzant condition at those vertices contained in the hyperplane along which they are glued.
Therefore F Σ 0 = ∅, which is a contradiction. Hence there does not exist such Σ ′ , which then implies that E ∆ = {Σ 0 , Σ 1 }, which proves the first claim of the lemma. Therefore, since the family E ∆ is coherent, and by assumption it gives a perfect and equivariant symplectic packing of M, it follows that ∆ M = (Σ 0 ) c ∪ (Σ 1 ) c , where (Σ 0 ) c and (Σ 1 ) c are joined at their unique common face F Σ 0 which is in the interior of ∆ M .
Step 5 Proof. First observe that ∆ is unique because ∆ ⊂ R n , and ∆ is n-dimensional, and therefore the face F is (n − 1)-dimensional, and the plane in which F is contained is uniquely determined by any of its orthogonal vectors, see Remark 3.7.
By assumption ∆ is equal to the union (Σ − ) c ∪ (Σ + ) c of the closures of the simplices Σ − and Σ + , the intersection of which equals an (n − 1)-dimensional simplex F := (Σ − ) c ∩ (Σ + ) c , and hence F has precisely n vertices. Every vertex of (Σ − ) c and (Σ + ) c outside of F is also a vertex of ∆. Each other vertex of F is also a vertex of ∆, but the converse need not be the case -if the converse holds, then ∆ has precisely n + 2 vertices, see Figure 6 , of which precisely n vertices belong to F , and of the two remaining vertices, one belongs to the simplex Σ − but does not belong to F , while the other one belongs to the simplex Σ + but does not belong to F . Each individual vertex of F is connected with each of the other n + 1 vertices of ∆ by an edge, and this is in contradiction with the Delzant property of ∆ unless n ≤ 2, specifically it contradicts the simplicity property that Delzant polytopes exhibit, c.f. Definition 2.2.
Notice that it follows from Definition 2.5 that any interval of finite length which contains precisely one of its two endpoints is an integral simplex. If n = 1, all three of ∆, (Σ − ) c , (Σ + ) c are closed intervals of finite length and ∆ is the union of (Σ − ) c and (Σ + ) c , the intersection of which consists of exactly one point in the interior of ∆, c.f. Figure 3 . If n = 2, see Figure 2 , where the packings are explicitly presented. The integrality of Σ − and Σ + is an essential requirement in order for ∆ to satisfy Definition 2.2.
Remark 3.7
If in the statement of Lemma 3.6, the simplices Σ − and Σ + where m-dimensional, with m < n, there are infinitely many different ways of gluing them in this fashion; this gluing leads to a convex polytope if and only if Σ − and Σ + are contained in the same m-dimensional subspace of R n . ⊘
Step 6. This is the conclusion step. A combination of the previous lemmas gives the proof of Theorem 1.7 and Proposition 1.8. Write X n, λ = (CP n , λ · σ FS ) and
Proof of Proposition 1.8. Clearly X 1, λ may be packed either by one 2-ball or by two 2-balls by prescribing a point in its momentum polytope, which is an interval, c.f. Example 1.2, whose length depends on the real parameter λ, and it cannot be packed in any other way, c.f. Figure 3 . Similarly, Y λ may be perfectly packed by two equivariant symplectic 2-balls, c.f. Figure 2 . Now we show that X n, λ , n > 2, may not be packed by two or more balls; if otherwise, there exists a coherent family of at least two balls, which realizes the perfect packing, and let us call Σ 0 and Σ 1 to the corresponding simplices to these two n-balls. Let ∆ be the momentum polytope of X n, λ (a simplex in R n ) . By Lemma 3.5, ∆ = (Σ 0 ) c ∪ (Σ 1 ) c , and hence by Lemma 3.6, ∆ is not a Delzant polytope because we are assuming that n > 2, which is a contradiction.
It is left to show that Y λ may only be perfectly packed by two equivariant symplectic balls, and this is in precisely two ways. Recall that the existence part is clear. The fact that there are precisely two ways to use two balls to perfectly pack Y λ is also clear from Figure 2 , since the ball images are integral simplices, see Definition 2.5. Notice that one equivariantly symplectically embedded ball fills up at most half of the volume of Y λ , and therefore it does not give a perfect packing, c.f. Figure 2 . Now by Lemma 3.5, Y λ does not admit a perfect packing by three or more balls, which concludes the proof.
Conclusion of the proof of Theorem 1.7. Lemma 3.5, Lemma 3.6 and Theorem 2.4, imply that the only symplectic-toric manifolds which admit a perfect packing are X n, λ for arbitrary n ≥ 1 and Y λ for λ > 0.
The sufficiency condition is implied by Proposition 1.8, which concludes the proof of Theorem 1.7. 
A Remark on blowing up
The connection between symplectic ball embeddings and blowing up was first explored by D.
McDuff in [18] . Let us first outline McDuff's construction and afterwards we will state the blow up version of Theorem 1.1 in [22] . Let (M, σ) be a Delzant manifold and let J be a σ-tamed almost complex structure on M. Recall that we say that σ is J-standard near p ∈ M if the pair (σ, J) is diffeomorphic to the standard pair (σ 0 , √ −1) of R 2n near 0. Choose a σ-standard almost complex structure J for which σ is J-standard near p and denote by Θ : ( M , J) → (M, J) to the complex blow up of M at p. Let f be a symplectic embedding from B r into M which is holomorphic with respect to the standard multiplication by √ −1 on B r and J, near 0, and such that f (0) = p. Such an embedding gives rise to a symplectic form σ f on M which lies in the cohomology class [Θ * σ] − πr 2 e where e is the Poincaré dual to the homology class of the exceptional divisor Θ −1 (p). The form σ f is called the symplectic blow up of σ with respect to f , and is uniquely determined up to isotopy of forms. For the specific construction see [20] pages 223-225.
McDuff and Polterovich showed that the same construction extends for arbitrary symplectic embeddings from B r into M without having to assume holomorphicity near 0. Roughly speaking, one perturbs the embedding slightly to make it holomorphic near 0, and define its blow up as the blow up of the perturbed embedding. They also showed that the isotopy class of the form σ f depends only on the embedding f and the germ of J at p and that if two symplectic embeddings f 1 and f 2 are isotopic through a family of symplectic embeddings of B r which take 0 to p, then the corresponding blow up forms are isotopic. On the other hand a (more general) version of the following result was proved in [21] : And from this result we are able to describe equivariant blow up at a fixed point. Proof. Follows by observing that if f 1 and f 2 are equivariant symplectic embeddings from the 2n-dimensional ball B r into a 2n-dimensional Delzant manifold M such that f 1 (0) = f 2 (0) = p, then by Theorem 4.1 they are isotopic.
Further questions
The following questions regard generalizations of the work presented in this paper. 
